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Abstract

The effective medium theory for the coupled phenomena of heat conduction and mass diffusion of solute in
heterogeneous media has been derived. The theory has been applied to a barrier with adaptive conductive and
diffusive characteristics to be used for control of heat flow and mass flow of species. The barrier consists of a
mixture of small solid particles of ellipsoidal shape which are randomly distributed in a carrier fluid. Volume
fraction of the particles is small and variation in conductive—diffusive properties of the barrier is achieved by
changing orientation of the particles. This analysis gives an estimate to what a degree the solute flow can be
controlled by both bulk concentration and temperature gradient applied to the walls of the barrier. Influence of
different parameters like ratios of conductive and diffusive properties of particles and the carrier fluid, solubility
ratio of the diffusing species in the fluid and in the particle, class of particle shapes, particle aspect ratio and volume
fraction as well as thickness of the barrier on the species mass flow have been studied in detail. © 2000 Elsevier

Science Ltd. All rights reserved.

1. Introduction

In the past few years different devices were proposed
for a control of different modes (conduction, convec-
tion, radiation) of heat and mass transfer through
“smart walls””. They were generally based on an idea
of dynamical tuning of corresponding properties of
these walls [1-5].

One possible way of the tuning can be achieved by
varying internal pressure of a gas, like hydrogen,
which, due to its high thermal conductivity, can sub-
stantially change the effective conductance of the por-
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ous medium filling the wall. This idea had found
application in thermal insulations proposed for build-
ing design [5]. It was verified experimentally for glass-
fiber filled super insulation panels and allowed the
panels to adjust heat gains (or heat losses) to the
actual environmental conditions (ambient temperature
and insolation). Switching between low and high
hydrogen pressure in the insulation was achieved by
electrical heating or cooling of a metal hydride con-
tainer. The change of temperature of the container
caused a release or absorption of the hydrogen.

The other way of varying properties of the wall is
the use of electro- or magneto-rheological fluids. Such
fluids are formed by suspensions of highly, electrically
or magnetically, polarizable, micron-sized, almost
spherical particles distributed in suitable carrier fluids.
In the electro-rheological fluids, the electric field of a
sufficient strength gives rise to formation of long par-
ticle chains (known as electrically induced fibration).
When the main mode of heat transfer is radiation, this
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Nomenclature
A external area of the medium or P tensor defined in Eq. (41)
of the particle q heat flux
Crtr, Cr¢, Cor, C. second order tensors defined in q heat flux in the direction perpen-
Eq. (38) dicular to barrier faces
c solute concentration T temperature
D, generalized solute  diffusivity 14 volume of the medium or
defined in Eq. (3) volume of the particle
(De/M)* complex diffusivity defined in v volume fraction
Eqgs. (9) and (10) X,y location vectors
D¢ solute diffusivity in the fluid z coordinate axis perpendicular to
Dy solute diffusivity in the particles barrier faces
Det effective Soret coefficient deter- A barrier thickness
mined using only the first term 0 Dirac’s function
from the expansions of the At generalized thermal conductivity
microstructure functions, defined defined in Eq. (3)
in Eq. (27) Y complex thermal conductivity
D component of tensor D™ in the defined in Eq. (3)
direction normal to the barrier ATs thermal conductivity of the fluid
Dt generalized  Soret  coefficient ATs thermal conductivity of the par-
defined in Eq. (3) ticles
D5, complex Soret coefficient defined 25 effective  thermal conductivity
in Eq. (3) defined in Eq. (24)
Dy Soret coefficient in the fluid “%f* effective  thermal conductivity
Dry Soret coefficient in the particles determined using only the first
Dt effective Soret coefficient deter- term from the expansions of the
mined using only the first term microstructure function, defined
from the expansions of the in Eq. (27)
microstructure functions, defined 2 component of tensor A5* in the
in Eq. (27) direction normal to the barrier
D component of tensor DI* in the Ae generalized Dufour coefficient
direction normal to the barrier defined in Eq. (3)
J solute flux (Ae/M)* complex  Dufour  coefficient
j solute flux in the direction nor- defined in Eq. (3)
mal to the barrier Acf Dufour coefficient of the fluid
Je solute flux in the direction nor- Aes Dufour coefficient of the par-
mal to the barrier for the case of ticles
pure fluid iﬁf effective ~ Dufour  coefficient
L length of the major (minor) defined in Eq. (24)
dimension of the rod-like (disk- 2t effective Dufour coefficient deter-
like) particle mined using only the first term
/ microdimension from the expansions of the
M generalized solubility defined in microstructure function, defined
Eq. (3) in Eq. (27)
m ratio of solute solubilities in the a8 component of tensor A& in the
particle and in the carrier fluid direction normal to the barrier
n external unit vector normal to &(e") aspect ratio of the particle, ¢ =
the surface (2R)/L for the disk-like particles,
R radius of the spheroidal particle & = (2R)/L for the rod-like par-
P particle shape tensor ticles
P component of the tensor in the KT fluid Dufour coefficient/thermal
direction perpendicular to bar- conductivity ratio
rier faces Ke fluid Soret coefficient/solute dif-
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fusivity ratio

Q1T microstructure function associ-
ated with temperature field

Prc microstructure function associ-
ated with diffusion-thermo effect

Qcr microstructure function associ-
ated with thermo-diffusion effect

Pce microstructure function associ-
ated with concentration field

OTT particle/fluid  thermal conduc-
tivity ratio

OTc particle/fluid Dufour coefficient
ratio

Ot particle/fluid  Soret coefficient
ratio

Occ particle/fluid solute diffusivity
ratio

0 characteristic function defined in
Eq. 3)

Q configuration or pattern of dis-
tribution of constituents in the
suspension

1 unit second order tensor

\% Nabla operator

{} ensemble averaging

process of fibration causes the wall to go from an
opaque state to a state highly transparent to radiation
[2].

In electro- or magneto-rheological suspensions of
ferromagnetic powders, thermal conductivity (or mass
diffusivity) is increased in the direction of the applied
field (electric or magnetic) and reduced in the direction
perpendicular to it. Increase of the thermal conduc-
tivity (mass diffusivity) and viscosity of the fluids,
during their flow, gives rise to an almost three-fold
increase in the convective heat (or mass) transfer coeffi-
cient [1]. This may cause significant increase in effi-
ciency of heat (or mass) exchangers. Application of a
rotating magnetic field produces two kinds of motion
in the layer of a ferromagnetic suspension. The first
one consists of microscopic intensive vortex motion,
due to rotation of the aggregates, and the second one
involves macroscopic flow of the entire fluid. This
means that the augmentation of heat or mass transfer
in the system can be ascribed to the convective trans-
port (macroscopic flow in the suspension) as well as to
the pseudoturbulization of the layer by microrotation
of the particle aggregates [1].

The third method of changing properties of the
“smart wall” is the use of nonspherical particles whose
orientation can be controlled. Coating of the particles
with a thin layer of either ferromagnetic or ferroelec-
tric material will allow for increase of the torque
necessary for rotation of the particles as well as for
matching of densities of the particles and the carrier
fluid. Upon application of either the electric or mag-
netic field, orientation of the particles may change. As
the particles have properties different than the carrier
fluid, the effective conductance of the barrier varies
depending on the state of orientation of the particles.
The greater the range of variation in the conductance,
the higher effectiveness of the barrier. This way of
changing properties of the barrier has been previously
studied by Furmanski and Floryan [3,4] for the case of

heat conduction in the layer of a fluid with suspended
rod-like and disk-like particles (in the form of prolate
and oblate spheroids). The analysis was carried out for
a layer of finite thickness and the relative (particle/
fluid) thermal conductivity, particle aspect ratio and
their volume fraction were varied. It was found that
rotation of the particles by 90° can result in increasing
of the heat flux through the barrier by several times.
This increase was not sensitive to a small misalignment
of the particles. The rod-like particles were more effec-
tive when the thermal conductivity of the particles was
greater than that of the fluid [3]. The opposite effect
was observed for the disk-like particles [4]. They hap-
pened to be more effective when their thermal conduc-
tivity was smaller than that of the fluid. In both cases
of particle shape, the effectiveness of heat flow control
was higher due to greater difference in the thermal
conductivities of the suspension components. It was
also found that an increase in the range of the heat
flow control can be achieved by using longer particles
and by increasing their volume fraction. The wall
effects, associated with the finite thickness of the layer
of suspension, tended to decrease the heat flow as com-
pared to the case of an unbounded medium. They
were especially pronounced for larger particles and for
higher volume fractions of the particles.

The problem of heat and mass flow through a sus-
pension is most conveniently analyzed using the effec-
tive medium approach that is popular in the analysis
of transfer processes in heterogeneous media ([6—10].
This approach is based upon the replacement of the
multicomponent medium by a continuum with either
constant or continuously varying effective properties.
In the case of the mass flow, such approach was
utilized in studies of solute flow in stagnant suspen-
sions under non-reacting and reacting conditions
[11,12]. For non-reacting conditions an analogy
between the mass diffusion and the thermal conduction
is valid in the bulk. This analogy may not be valid on
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the boundaries separating different constituents due to
the solubility condition that usually leads to a jump in
the solute concentration at the particle-fluid interface
[13—-15]. When convection is present, additional dis-
persion of the solute may occur due to fluctuations in
fluid velocity. This dispersion is included in the effec-
tive diffusivity of the medium in the form of velocity
dependent terms [16]. For large variation of concen-
tration fields in the medium, these terms may have a
nonlocal character [17].

Two averaging techniques are usually applied in
order to carry out homogenization leading to the effec-
tive medium theory: volume averaging over small
physical regions representative of the structure of the
medium [18] and ensemble averaging over the ensemble
of possible realizations of microgeometry of the
medium [10,14].

Phenomena of heat and mass transfer can be
mutually coupled (Defourt and Soret effects) [19]. This
enables one to control, for example, the mass flow
through a “smart wall” using temperature difference
applied to the surfaces bounding the wall. Moreover,
in the mass transfer problem the fluid and the particles
may have different solubilities with respect to the dif-
fusing species. In this paper we are going to address
these problems and also study how such cross-effects
effect the possible range of control of the solute flow
through the layer of suspension. The analysis is based
on the effective medium theory using the ensemble
averaging technique [20]. The particles are assumed to
have random distribution and to constitute a small
volume fraction of the mixture (in order to provide
enough space for their free rotation). Section 2 dis-
cusses adaptation of the effective medium theory to
coupled transport phenomena in a heterogeneous med-
ium. In Section 3, the theory is applied to the station-
ary coupled heat and mass flow through the barrier.
Results of parametric study of various factors effecting
diffusive mass flow through the barrier for both
coupled and uncoupled mass transfer problem are
given in Section 4 with a special prominence given to
the solubility effects. Finally, Section 6 provides a
short summary of the main conclusions.

2. The effective medium theory for coupled transport
processes

2.1. Preliminaries

Let us consider coupled phenomena of heat transfer
and the transport of a dilute solute through a hetero-
geneous suspension consisting of a carrier fluid and the
particles dispersed in it. In each constituent, the heat
transfer and the diffusive mass flow are caused both by
the temperature and the concentration gradients

—q = 21rVT + (Ae/ M)V(Mc),

1)
—Jj=DrVT + (D./M)V(Mc),

where At and D, are respectively, the thermal conduc-
tivity and the solute diffusivity, 4. and Dt stand for
the diffusion-thermo effect coefficient (Dufour coeffi-
cient) and the thermo-diffusion effect coefficient (Soret
coefficient), respectively, T denotes the temperature, M
stands for the solute solubilty, ¢ denotes the solute
concentration, and V is the gradient operator.

Heat flux ¢ and mass flux j satisfy steady state con-
servation equations

V.g=0, V-j=0 2

and are functions of the position vector x and the con-
figuration Q i.e., they are functions of the pattern of
distribution of the particles. Ideal thermal contact con-
ditions are assumed at the particle—fluid interface.
Equilibrium condition at the particle—fluid interface
leads to a step change in the concentration ¢ of the dif-
fusing species. This effect is caused by a different solu-
bility M of the species in the particles and in the fluid.
The product of the concentration and the solubility,
which we shall refer to as activity, is continuous
through the interface. All properties appearing in Eq.
(1) are understood to be generalized functions and can
be expressed in the following way

2r(x, Q) = I 0(x, Q) + dxe[1 — 0(x, Q)],
2e(x, Q) = dos/mB(x, Q) + A[1 — 0(x, Q)],
Dr(x, Q) = Dr0(x, Q) + Drs[1 — 0(x, Q)]
De(x, Q) = Des/mO(x, Q) + Deg[1 — 0(x, Q)],

M(x, Q) = mO(x, Q) + [1 — 0(x, Q)] 3)

The characteristic function 0 is equal to unity for the
location inside a particle and is equal to zero inside the
fluid. The subscripts s and f correspond to properties
of the particles (solid) and the fluid, respectively.

In the effective medium approach, two constituent
media are treated as a pseudohomogeneous one with
effective properties which account for the properties of
the constituents as well as for their distribution in the
medium. The notions of temperature and concen-
tration of the diffusing species in this approach should
be understood as certain mean quantities averaged
either over the representative volume or statistically
averaged over an ensemble of possible configurations.
The latter way of averaging will be used in the present
analysis.
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In order to obtain equations describing macroscopic
flow of heat and mass in the medium, Eq. (1) and the
conservation equations (2) have been ensemble aver-
aged resulting in

V-{gy=0, v-{j}=0, 4)

—{a} = {mVT} + {Ge/M)V(MO)},
(5)
— i} = (DxVT) + {(De/ M)V(MO)}.

The above equations have to be supplemented with a
“closure scheme” that will allow to express the mean
heat flux ¢ and the mean mass flux j by the mean tem-
perature {7} and the mean concentration {c} of the
diffusing species. Eq. (5) can be used to derive the
“closure scheme” if the microscopic temperature 7" and
the microscopic concentration ¢ were expressed as
functions of the macroscopic fields {7’} and {c}.

2.2. Relations between the microscopic and macroscopic
(mean) temperature and concentration fields

We begin by substituting Eq. (2) into Eq. (1) and
transforming the result into the following form

;LTfV2T+ /lch2(Mc)
+ V- [pVT + (Ae/M)'V(Mc)] =0, (6)

DreV2T + DV (Mc)
+ V- [DiVT + (D./M)'V(Mc)] = 0, @)

where

dp =t = dapr, (/M) = de/M — Jx,

D =Dr—Drr, (De/M)'=D./M — Dr; (3)

Egs. (6) and (7) can be treated as a set of equations
for V2T and V?(Mc) which, when solved, leads to the
following expressions

VAT + V- [A3VT + (he/M)*V(Mc)] = 0, )
VA(Mc)+ V- [DiVT + (De/ M)*V(Mc)] =0, (10)
where
D¢lr — gD D! — JeD!
;QZM, (/M) = —Lle — 2 |
Deghtt — Aeg D1t Degire — At D1t
D:‘;- _ _DTf/AL% =+ ;LTfD+ (DC/M)*Z _DTf;Lé — )vaDé

Degdrg — AegDrs Detrg — Aet D1y

Next we introduce Green’s function defined by

VZG(x,y) +6x,y)=0 inV,

(11)
Gx,y)=0 on4,

where d(x,y) is Dirac delta function and ¥ and A4 are
the volume and the surface of the medium, respect-
ively.

If the second term on the left-hand side of Egs. (9)
and (10) can be treated as the heat or solute source
terms, then the solution of these equations can be for-
mally written as

Tix, Q)= — [V VG(x,y) - [/lffVT(y, Q)
+ (le/ M) VMc(y, Q)] AV

- J VG(x,y)-nT(y, 2)dA, (12)
A

Mc(x, Q) = —J VG(x,y) - [D?VT(y, Q)
v
+(De/ MY VMc(y, @)] dV
- J VG(x,y) -nMc(y, Q) d4, (13)
4

where n is the external unit vector perpendicular to A.
After ensemble averaging of Egs. (12) and (13), speci-
fying the Dirichlet type boundary conditions for 7" and
¢ on the external boundaries of the suspension and
subtracting the result from Egs. (12) and (13), the
microscopic temperature 7" and the microscopic ac-
tivity Mc can be expressed as

Tx, Q) = {Tx)} — JV VG(x.y)- [[z;vm, Q)
—{AVTE)}] + [(Ge/ M) VMe(y, Q)

— U/ M) VMe)}]] aV. (14)

Me(x, Q) = {Me(x)} — JV VG(x,y)
[[23vT. Q) - {D3vT)}]
+ [(De/ MY VMe(y, Q)
- {(DC/M)*VMc(y)}]] av. (15)

We seek the solution of Egs. (14) and (15) in the fol-
lowing form
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T) = {Tex)} + J.V[wTT(xﬂyv DViT)]

+(pTc(x5ya Q)V{MC(y)}]dV, (16)

Me(x) = {Me(@)) + L[wa(x,y, oV{Tp))
+ @ec(x, y, QV{Mc(y)}]dV. (17)

Equations for the unknown vector functions @¢r, ¢@r.,
¢.r and @, (microstructure functions) can be found
by substitution of the above relations into Eqgs. (14)
and (15) and demonstrating that the resultant
equations are independent of the macroscopic fields
{T} and {Mc}. This procedure results in the following
expressions

Prrlx, Q) = — JV VG(x,y) - I:[)J;(él + Vorr)
—{41(61+ Vorr) }]
+ [/ MY Vo q — {(e /M)*v(ch}]] av,

(18)
Prelx, @) = — JV VG(x,y) - [[%V«)TE — {1 Vor}]
+ [(Ze/ M) (01 + Vo,.)
— {(e/ M) (51 + Vo, }]] av, (19)
Perlx, Q) = — JV VG(x,y)- [[D; (61 + Vorr)

{D3(01+ Vorr) }]
+ [(De/ M) Vg = {(De/ M) Vor}] | @V,
(20)

0l @) = = | VG@w.y) - [[DiVor. ~ (DiVor.)]
+ [(De/ M) (61 + Vo, )
— [P/ My (51 + Vo) }]] av, @1

where 1 denotes the unit second order tensor.

2.3. Constitutive relations

When the relations between microscopic and macro-
scopic temperature and activity fields (Eqgs. (16) and
(17)) are known, it is easy to obtain relations between
the mean (macroscopic) heat flux and the mean
(macroscopic) mass flux, on one side, and the mean
(macroscopic) temperature and the mean (macro-

scopic) solute concentration, on the other side. This
can be simply achieved by substitution of Egs. (16)
and (17) and Eq. (A6) from Appendix A into Eq. (5)

—{q(x)} = JViﬁf(x,y) . V{T(y)} dv

+ J'V)ff(x, y)- Vi{e)} dv, (22)

—{f(x)} = JV D%f(x,y) . V{T(y)} drv
+J DY (x,y)- V{cp)} dV, (23)
v
where the effective thermal conductivity i%f, effective
Dufour coefficient A, effective Soret coefficient DS

and effective solute diffusivity D are defined by the
expressions

/{%f = {)T((Sl + V@TT)} + {;'CV(ch }’
2 = (2 MPeVor ) + [AMPey (61 + Vo) ).
Dflf = {DT(51 + V(PTT)} + {DCV(PCT}’

D = {DIMPey + Vor | 4+ {DeMPey (61 + Vo) }.
(24)

where Py stands for the concentration equilibrium dis-
tribution function.

The constitutive relations, Eqgs. (22) and (23), are
nonlocal. The macroscopic heat (or mass) flux for any
location x in the suspension depends not only on the
macroscopic temperature gradient and the macroscopic
concentration gradient in the same location, but also
on the distribution of these gradients for all other lo-
cations y in the medium.

In general, the effective material functions do not
describe the effective properties of the medium; they
describe the effective properties of the suspension only
in these locations where they are not affected by the
presence of the boundaries of the medium.

2.4. Expansions for the slowly varying fields
If the macroscopic temperature in the suspension is
varying slowly in comparison with the microscopic

variation of the medium properties, expansions of the
following type [20] can be utilized

Prr(x.y) = [9Tr(x) — x]oex, y) + lpTr(x) - Vo, y) + -,

Pre(*,¥) = @1 (X)0(x, ) + lppe(x) - Vo, y) + -+,
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Per(X,¥) = Per(X)0(x, ¥) + lpgg(x) - Vo, y) + -+ -,

Pec(®,Y) = [@h(¥) = x]0(x, y) + @I (x) - VO, ¥) + -+ -,
(25)

for each of the functions ¢pr, @, Pers Pee- Symbol /
here stands for the characteristic microdimension in
the heterogeneous medium [8].

When these expansions are truncated after the first
term and substituted into Egs. (22) and (23), the con-
stitutive relations reduce to the local relations, similar
in form to the two relations given in Eq. (1), i.e.,

—{g@x)} =25 @) - V{T@)} + 28 () - V{ew) ),

—{i@®)} = D (x) - V{T(x)} + D*(x) - V{cx)}.  (26)

The effective material functions (tensors) assume the
following form

B = it 44, (09030) ) + 7, 05)

/lgf* = )»chPeql + (;LTPMPEq)/{(BV(pR)}

+ (7 MPeg) {0V}
D = Drel + D1 {(0Veir)} + D {0Vl ),

D = Do MPegl + (DryMPeq) '{(0V 97, ) }
+ (DepMPeq)' |0V %, ). @)

where A%, 2™ DS and D§* are the effective thermal
conductivity, effective Dufour coefficient, -effective
Soret coefficient and effective solute diffusivity, respect-
ively, corresponding to the first term of expansions,
Eq. (25). The integro-differential equations, Egs. (18)—
(21), are also simplified by introducing the above
expansions and can be written as

Pinte, @) =x — | VG- [[4501 ~ (490

[/ MY Voly — {Ge/ M) Voly| ]| @V,
(28)

o, @) = = | VG- [Voi ~ i vor)]

+ [/ MYV, ~ (G MYt )] ] 4V,
(29)

o, @) = = | V6ew.»)-[[DiVoi — DiVois]]

+[(De/ MY Voly — {(De/ M) Vo 1] 0V
(30)

(pic(x, ‘Q) = - ,[V VG(xay) : I:[D:,l('vq)jlﬂ“c - {D#‘V(P’T“c}]
+ [(De/ MYV, — (D MY Va2 )] | av.
G1)

In the case of a heterogeneous medium, considered
here, one of the constituents exists in the form of sep-
arate particles. The volume integrals, appearing on the
right-hand sides of Eqgs. (28)—(31), are nonzero only in
the particles. After using Green’s theorem for changing
from volume to surface integrals, Eqs (28)—(30) take
the following form

o1r + iﬁpj[v GVir -ndA, + ),:pj[) GVl
A Ay
nddy+ ) A;p#; GV @iy -nd4,
Jj=2 A;
+ 7% jLA GVQi, - n dA,}

=x —l—/l}pfi; G{OVeir} -nd4
4

+ /lzp 4;/1 G{@Vgoé‘T} -ndA, (32)

Gt i OVoR i+ iL ¢ GV
1 1

ndA; + Z[A%% GV @i, -0 dd;
j=2 i

J4;

P dA,,}
A,

i

= I1p i G{OvVe;.}-ndd + Jep J)A G{ove}.}

-n dA, (33)
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o+ D;Dfi; GVoiy ndd, + D;’fp{) GVoly - ndA,
Ay A

]

+y D;p+ GV @iy -nd4,
=2 4
o f oveenas]
A;

= Dy, ng G{OVeir} -ndA + D, foA G{0Vei} -ndA,

(34)

[p + D;# GV@s, -ndd; + D;‘pﬁé GVl -ndd,
A Ay
+ Z[D%} GV@s, -ndd;
j=2 4

+ D:pfi; GVl -n dAj:|
A.

J

. D;pj{; G{OVgs.) - n dA
A
+ Djpi; G{OVgL) -ndd. (35)
A

On solving Egs. (32)—(35) we can obtain functions ¢,
P1e» P and ¢, for any location in the medium (either
inside the particles or inside the fluid) for any distri-
bution of the particles in the suspension. The second
and third terms on the left-hand sides of these
equations describe the influence of the particle that is
the closest to the considered location. The fourth term
gives influence of other, more distant particles. The
right-hand sides of these equations are independent of
any particular distribution of the particles and is re-
lated to the mean temperature and concentration fields
in the medium.

The standard solution of these equations consists of
considering, in sequence, the influence of more and
more distant particles on the functions ¢@rp, ®r., @cr
and ¢ starting with the closest one (the first one).
Usually this influence quickly diminishes if the volume
fraction of the particles in the suspension is small and
when clustering of the particles is absent. This
approach will be followed in the subsequent consider-
ations. It is worth to note here that addition of any
new particle in the medium will modify the right-hand
sides of Egs. (32)—(395).

3. Heat and solute flow through a barrier

3.1. Description of the barrier

Let us consider a barrier consisting of a suspension
layer of thickness A that extends to infinity in the

remaining directions (Fig. 1). The suspension is made
of a carrier fluid with randomly distributed axi-sym-
metric particles. The particles have spheroidal shape
with length L and radius R so that their aspect ratio is
& = L/(2R). By varying the particle aspect ratio differ-
ent shapes of the particles may be obtained, ranging
from flattened disk-like particles (oblate spheroids with
¢ < 1), to spheres (¢ = 1), to elongated rod-like par-
ticles (prolate spheroids with &* > 1). It is assumed
that the axes of symmetry of the particles are parallel
to each other with their orientations described by
angle y (Fig. 1a). This orientation can be changed by
external means (e.g., by applying electric or magnetic
field [21]). The volume fraction of the particles is
assumed to be sufficiently small to permit their free ro-
tation.

Simultaneous heat conduction and solute diffusion
take place in the suspension. The processes are coupled
and either heat or mass flow may occur due to differ-
ence of temperature (77 > T5) or due to difference of

(second image)

Fig. 1. A schematic diagram of the barrier that can be used
for control of heat and solute flow.
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concentrations of the solute (¢; > ¢,) on the opposite
faces of the barrier. The solution of the diffusing
species is treated as dilute so that locally Fick’s law is
applicable. It is further assumed that the whole system
is in a steady state and that no convection occurs.

The main objective of this paper is to study how
orientation of the particles affects the solute flux as a
function of different parameters characterizing the bar-
rier and as a function of different ways of forcing the
solute flow (concentration difference or temperature
difference). The relevant parameters are: (i) material
parameters’ like /ITS//’LTfs Dcs/Dcf’ iCS//les DTS/DTf’
At/ A1e, Dre/Dee, m; (ii) structural parameters, like class
of particle shapes (disk-like and rod like), particle
aspect ratio ¢, particle volume fraction v, angle y of
orientation of particles, and (iii) geometrical par-
ameters, like A/(2R). As the influence of some par-
ameters was found to be similar to the previously
studied pure heat conduction problem [3,4], a special
attention has been focused on the parameters affecting
mass diffusion and those affecting coupling between
heat conduction and mass diffusion.

The problem of solute flow through a barrier is
three-dimensional (on the microscopic level) due to
complicated structure of the suspension. The advan-
tage of studying this problem using the effective med-
ium approach is that it reduces the original problem to
a one-dimensional one on the macroscopic level. Eq.
(26) can be simplified to the following form

diT , d

=805 g 1, (36)
diT d

)= 4 ot 2, ()

where {¢}, {j} stand for the macroscopic heat and
solute fluxes in the direction of the bulk flow (direction
z) and symbol L denotes components of the respective
effective material tensors in the same direction.

3.2. Effective material tensors

In order to calculate either the heat or solute flow
through the barrier, it is necessary to know the effec-
tive material tensors appearing in Egs. (37) and (38).
As noted earlier, these tensors become effective proper-
ties of the suspension at a certain distance away from
the barrier faces. In deriving relations for the com-
ponents of these tensors, we will follow a procedure
which parallels the approach used in the study of pure
heat conduction problem. This will allow us to concen-
trate on the main assumptions and omit the laborious
derivations discussed previously in detail [3].

Firstly, let us note that due to the form of ex-
pressions for the material tensors, Eq. (27), only gradi-

ents of the microstructure functions are needed (the
characteristic function 0 is zero outside the particles).
These functions have a linear form in the case of an in-
finite medium. Since our interest is only in the case of
small volume fraction of spherical particles, we assume
that these functions may retain a linear form even for
a bounded medium. We, therefore, write these func-
tions in the form

@3y =Crr+Crr -y, @, = Ch. + Cre - w4,

P = C(c)T +Cer -y, @l = C(c)c + Cec - U, (38)

where u; =x —r; and r; stand for the position vectors
associated with the center of the jth particle (Fig. 1).
The assumption had been found to be strictly valid for
any distribution of spheroidal particles when their
volume fraction was small and when the gradient of
macroscopic temperature {7} was Kkept constant [20].
One should note, however, that the microstructure
functions may be nonlinear outside the particles.
Secondly, since our interest is in the case of small
volume fraction of the particles, we shall omit the
fourth term on the left-hand sides of Egs. (32)—(35).
This means that only the influence of the first (i.e., the
closest) particle on the microstructure function in the
location x is retained. This assumption may need ad-
ditional explanations. In order to study the influence
of the interparticle interactions on the heat or mass
fluxes, a number of investigators employed expansions
of the temperature and/or concentration fields in terms
of the particle volume fraction v (or more correctly,
expansions in terms of a product of the number den-
sity of the particles and a cube of the largest dimension
of the particle). They concluded that the second term
in the expansion (the first order in v) corresponds to
an isolated particle while the higher terms take account
of the particle interactions. Some numerical simu-
lations [10] show that results based on the two-term
expansions are valid only for very small values of v (2—
4% for spherical particles, with the more restrictive
values for non-spherical ones). These results give rise
to claims that validity of analyses based on two-term
expansions (the single particle model) should be limited
to these very low volume fractions. Numerical simu-
lations for ordered arrays of particles as well as exper-
imental results contradict these conclusions. Validity
of, for example, Maxwell formula (spherical particles)
or Rayleigh formula (cylindrical infinite fibers), which
are derived from solution of a single particle problem,
was found to be much broader with respect to v [20].
The reason for this behavior is known and is related to
the manner in which the particles may interact. They
may interact directly, and this effect is described by the
third term on the left-hand sides of Egs. (32)—(35), and
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indirectly by modifying the macroscopic temperature
or concentration field around each particle. The inte-
grals on the right-hand side of Egs. (32)—(35) corre-
spond to the latter form of interaction. Typically, in
any analysis based on the expansions in terms of par-
ticle volume fraction, indirect interaction are excluded.
This may lead to significant discrepancies between the
results based on the one- (single particle) and multi-
term expansions already for very small volume frac-
tions. If both ways of interaction are included in the
analysis, it is found that their relative importance
depends on the form of distribution of the particles. If
clustering of the particles occurs, direct interactions
between the particles are dominant and a significant
difference between the results based on the many par-
ticle analysis and the single particle analysis may be
observed already at very small volume fractions. But if
no clustering occurs, i.e., the particles are well separ-
ated as, for example, in the ordered arrays of particles,
then the indirect way of interaction is more important
except for very high volume fractions of the particles.
In the present case, the particles are well separated and
thus the direct interactions can be omitted without lim-
iting the validity of the results to extremely small
volume fractions.

Equations for the unknown tensors Ctr, Crc, Cer
and C. can be found by substituting Eq. (38) into
Egs. (32)—(35) and specifying the location vector x for
the microstructure functions to correspond to the in-
terior of the particle. The resulting surface integrals
have the form

% GndA, =P- [ul —F(ul)], (39)
Ay

where P is the Eshelby shape tensor solely dependent
on the shape of the particle and on its aspect ratio.
The form of the vector function F follows from appli-
cation of the method of reflections [3] for deriving an
appropriate expression for the Green function G and it
is defined as

Fu) = i[f(u +ry; 2kA +22")

k=0
 flu s 20+ 1A = 22)

- i[f(u 1 2KA) + flu + 1 20k + DA) .
k=1

where rj is a vector connecting the center of the kth
image with the center of the considered particle, z’ is
the location of the center of the considered particle in
the barrier (Fig. 1b) and the vector function f is re-
lated to the form of the microstructure function out-
side the particle placed in an infinite medium [3]. The
detailed formulae for the function f are given in [10].

The explicit, analytical expressions for the tensors
Crr, Cr., Cor and C.. can be obtained by linearizing
the function F with respect to u, i.c.,

Fu)=F0)+VF0) -u+---.

This procedure resembles the so-called Rayleigh
method [20] used for deriving the effective properties
of the ordered arrays of spherical particles. It is also
consistent with the linearity assumption used in Eq.
(38).

After substitution of Eq. (39) into Egs. (32)—(35)
and matching terms of the same order in u, the follow-
ing system of four equations for the unknowns Crr,
Cre, Cor and Cg, results

(1 + /AL?{-I)P*) . CTT + )»ij* . CCT

=1+ 25, {0P* - Crr} + 25, {OP* - Cer ),

DiP* - Crr+ (L+ DiP*) - Cer

= Dy {0P* - Crr} + DL {0P* - Cer (40)

P Cec + (1 + 27,P) - Cre

= 1 l0P* - Cre} + 25,{0P - Ccc |,

DI, P* - Cre + (1+ DgP*) - Cec
=1+ D;,{0P" - Cr.} + DL {0P* - Cec ), (41)

where P* = P - [1 — VF(0)].

In the following sections we shall solve this set of
equations and study the solute flow through the barrier
driven by two types of external forces:

e concentration gradient for uncoupled mass and heat
flow,

e temperature gradient for coupled mass and heat
flow.

4. Solute flow driven by concentration gradient

For uncoupled mass and heat flow, the Dufour A,
and Soret D coefficients are equal to zero. The con-
stants associated with the thermal and diffusive proper-
ties of suspension constituents, Eqs. (9) and (10),
assume the following form

Ay = (Arp = dx)/2xx = 017 — 1, 25, =0,

i:p =0, DZP = (Dcp/m - Dcl')/Dcf = 0cc/m— 1.
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If we substitute the above relations into Egs. (41) and
(42), we find that tensors Ct. and C.r are equal to
zero. The remaining equations for the tensors Crr and
C.. are similar to each other and the equation for Crr
is identical to the one found in the case of pure heat
conduction studied before [3,4]. Noting that the right-
hand sides of Eqs. (41) and (42) are independent of
any particular distribution of the particles, we have
solved these equations in a manner identical to that
described in [3]. Finally, substitution of the tensors
Crr, Cr, Ccr and C. into definitions, Eq. (27), leads
to the following formulae for the effective material
functions

2y =1+ aﬁ{e(l + o1 P") B }

. [1 - aﬁ{ep*(l +ofP) ! }]71,

DI /Dt = (MPeg)1 + 0, 0Py (1 + 5 P) ']
J1-oiforr 4o p) ] o

where

orp =orr— 1, 0l =0c/m—1.

The principal directions of the second order tensors P*
and P are usually different and this makes estimation
of the components of 2 and D¢ in the direction per-
pendicular to the walls laborious. Nevertheless, after
carrying out transformations of components of both
tensors from the local coordinate system associated
with the reference particle to the global coordinate sys-
tem (x, y, z) defined by the walls of the barrier (Fig. 1),
the components A, D of the effective material
functions in the direction normal to the barrier become

AT e =
oia {0r1}(1 = o {ora}) - opc{orsors} ]

[(1 = o2 {or}) (1 = o {ors)) — opelora}{ore} |
(42)

DS /Dy = (MPey)
ol [10r (1 = ol fors}) — o fors o) ]

[ = orfor ) = o {ors}) - o {oraHord}]
43)

1+

with functions I'y,...,I's given elsewhere [9]. The way
of evaluation of the ensemble averages {0I',}, n =
1,..., 6, has also been described in detail in previous
papers [3.9].

The local values of the effective material functions
2,28, D!, DS, and the volume fraction of the par-
ticles v vary across the barrier. The variation of v can
be determined from the formula: v(z) = {0}. Analysis
of the distribution of the local volume fraction shows
that it attains a maximum value v, in the middle of
the barrier and decreases to zero at the wall. When
particles are oriented in such a way that their major
axes are parallel to the wall, a layer of pure fluid sep-
arates them from the walls. Under such circumstances
the local volume fraction falls to zero before reaching
the wall. The assumed distribution of the particles
leads to a strict relation between the maximum volume
fraction v, and the mean volume fraction v [9]. As vy,
is bounded from above by the assumption of the small
local volume fraction, this relation places limitations
on the mean particle volume fraction v and on the
ratio of the barrier thickness A to the length of the
particle major axis.

As mentioned previously, the problem of pure heat
flow through the barrier will not be considered here.
We shall now begin discussion of new results by look-
ing at the mass flow of the solute.

The bulk flow of the solute across the barrier, when
concentrations ¢; and ¢, (¢; > ¢») on both faces are
given, can be evaluated from the formula

A

U} = (a1 — @)/ L dz/D%'(2) (44)
which can be easily derived from Eq. (37). In order to
estimate D$¥(z), components of tensor P* correspond-
ing to a particular orientation of the particles,
described by the angle y, have been determined. Then
all ensemble averaged quantities appearing in the for-
mula (43) were calculated. Finally, the integration in
Eq. (44) was carried out.

The mass flux of the solute diffusing through the
barrier is influenced by both the microstructure of the
suspension, properties of the constituents and thickness
of the barrier. The structural parameters include the
mean volume fraction v the particles, their orientation,
aspect ratio and diameter as well as the class of shapes
of the particles. The material parameters include par-
ticle/fluid diffusivity ratio and solubility.
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The diffusivity of the solute for the solid particles is
usually much smaller than for the fluid. So from two
classes of particle shapes studied, we have found that
the disk-like particles are significantly more effective in
controlling the flow of the solute by changing orien-
tation of the particles. Because of that we have focused
most of our calculations on the disk-like particles.
After studying the influence of angle y of rotation of
the particles, we have found that for the disk-like par-
ticles in all cases, the maximum value of the solute flux
occurred for particle axes parallel to barrier faces while
the minimum value occurred when particles were per-
pendicular. The opposite was found to be true for the
rod-like particles. All results presented in this paper
are in the form of a ratio of the maximum to the mini-
mum flow of the solute. This ratio is a good measure
of the effectiveness of the barrier in controlling the
mass flow.

All material properties of the constituents have a sig-
nificant effect on jmux//min- A decrease of the particle/
fluid diffusivity ratio makes the barrier more effective
(Fig. 2a). An increase of the particle/fluid solute solu-
bility m results in an increase of the barrier effective-
ness. The largest increase occurs for D./D.~0.1/0.3;
it decreases when D./D.— 1 (Fig. 2a) as well as when
D¢/Ds—0 (Fig. 2b).

The ratio of the barrier thickness A to the particle
diameter (2R) has a small impact on jyax/jmin and its
role in controlling the solute flux seems almost unim-
portant for practical purposes (Fig. 3a). A slight
increase in the barrier effectiveness has been observed
when the barrier is made thinner as compared to the
particle diameter.

The mean volume fraction v the particles signifi-
cantly influences the solute flow through the barrier
(Fig. 3b). The greater the value of v, the broader the
range of control of the magnitude of the solute flux.

Inverse of the particle aspect ratio ¢= (2R)/L
appears to be the most important factor in controlling
the solute flow. An increase of ¢ leads to broadening
of the range in which the solute flow may be controlled
by the particle rotation (Fig. 4a). The relation between
Jmax/Jjmin @nd ¢ has been found to be almost linear.

The assumption of space availability for rotation of
the particles in the fluid places additional limitation on
the maximum value of the mean particle volume frac-
tion. This condition, for the disk-like particles, can be
written as vy, <(1/¢) and, if we assume that the
admissible particle volume fraction is congruent with
this condition, then the ratio jiy.x/jmn varies differently
with the aspect ratio of the particles (Fig. 4b). The
effectiveness of the barrier for higher values of v is
now much lower and for ¢ > 10 it attains an asymp-
totic value.

5. Solute flow driven by temperature gradient

As an alternative way of controlling mass flow
through the barrier, we shall consider the case when
concentration of the diffusing species is the same at
both faces of the barrier and the solute flow is driven
only by a temperature difference. This time Defour
and Soret coefficients are not equal to zero. As has
been discussed in the previous section, the maximum

100 =

Jmax/Jmin -
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=100
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Fig. 2. Variation of the barrier effectiveness, defined as ratio
of the maximum possible solute flux jy., and the minimum
possible solute flux jmin, as a function of (a) particle/fluid dif-
fusivity ratio D /D¢ > 0 and solubility m, (b) solubility m
for Do, = 0. The reader should note that change of solute flux
from jmax tO jmin Occurs due to change in orientation of the
suspended particles.
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and the minimum mass flows occur for orientations of
the particles corresponding to the axes of symmetry of
the particles being either perpendicular or parallel to
the faces of the barrier.

For both perpendicular as well as parallel orien-
tations of the particle tensors P and P* as well as ten-
sors Crr, Cte, Ccr and C.. have the same orientation
of the principal axes. We solve Egs. (40) and (41) for
each principal component of these tensors separately
and then write the expressions for the effective material
constants in the direction normal to the barrier as
follows

22 — _
v=0.3
Jmax/min -
21 —
20 —
19 —
|
18 i ; 5 T T
0 20
A/(2R)
()
30 —
Jmax/Jmin
20 —
10 =100
m=1
0 T l T 1 T 1 I“ ]
0.0 0.1 0.2 03 v 04

®)

Fig. 3. Variation of the barrier effectiveness jmax/jmin for
D¢ =0 as a function of (a) the barrier thickness A/(2R), (b)
particle volume fraction v. (See Fig. 2 for additional expla-
nations.)

)frfl )va =1+ O'{T{OCTT} + KTO'C/T{OCCT},
D"Crfl/DCf =K+ KCG{'C{GCTT} + GC/C{HCCT }7
W Ve = (MPeg) [ + krolp{0Ce } + o4 {0CT ],

DE /Dt = (MPeg)[1 4 0 {0Cec } + Keo7 {0Cr }],

(45)
where
Ocr = Aes/ et O-(ZT =ocr/m—1,
200 —
Jmax/Jmin -
150 —
100 —
7 3
50 — !
0 I i i I T |
0 400 800 € 1200
(@)
2.0 —
Jmax/Jmin
m=1
TTT ] TTTT q
100 € 1000

(®)

Fig. 4. Variation of the barrier effectiveness jmax/jmin for
D¢ = 0 as a function of the particle aspect ratio ¢ (a) for the
volume fraction v independent of &, (b) for the maximum
value of ¥ dependent on ¢. Estimates of the latter case quaran-
tee that the particles have enough free space to permit their
rotation.
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!
orc = Drs/Drt, 0p, = 01c — 1,

Kt = Act/A1t,  Ke = Drp/Des, (46)
and Crr, Cr., Ccr and C,. stand for components of the

respective tensors in the direction z. These components
may be calculated from the following formulae

Crr = (1+ D&P")Bi/H — (7, P") B2/ H,
Cer = —(D},P*)Bi/H + (1 + 74,P*) B/ H,
Cre = —(G2 P B H+ (1+ Dy By L.

Coo = (1+73,P")Ba/ H — (D3, P*) B/ H,
where

H =1+ (I + D )P* + (41,0 — )“:pD%)(P*)z’
By = E/(E\E; — E3Ey), By, = E4/(E\E) — E3Ey),

By = E3/(E\Ey — E3Ey), By = Ei/(E\Ex — E3Ey),

The constants E;, E,, E; and E4, appearing in the
above formulae, are related to the ensemble averaged
(macroscopic quantities) by the expressions

Ey =1 — P2, — gP*v/H,
By = 1P D {0—gP'} /A,

E; = —)VjpvP*/H, Es = —Df}pvP*/H,
where
g= )éijp — ),:pDép.

The nondimensional material properties appearing in
Eq. (45) can be rewritten using the basic property
ratios of the particles and the fluid, Eq. (46), i.e.,

Iy = (o1t — kTR O ) /(1 — KTKC),

i:p = KT(O'C’T - O'C/C)/(l — KTKC),

D#l, = KC(O'{-C — G{T)/(l — KTKC),
D}, = (00, — rrKealy) /(1 = KrKe).

These material functions vary across the barrier and,
when they are known, it is possible to solve the set of

Egs. (36) and (37) for the unknown solute flux {j}.
Due to the assumption of steady state heat conduction
and mass diffusion, the heat flux and the solute flux
are constant. This conclusion allows one to obtain a
solution in a simple manner. The set of Egs. (36) and
(37) has been solved for gradients of the macroscopic
temperature and concentration and, subsequently, inte-
grated utilizing the boundary conditions at the barrier
faces, i.e., known temperatures {7}, {7}, ({(T}; >
{T},) and known solute concentrations {c};, {c},,
with {c}; = {c},. The resulting expression for the
dimensionless mass flux of the diffusing solute, when
the flow 1is driven by temperature difference
({T}, —{T},), assumes the following form

/i = A>(A2R)
T3k = k(A1 Ay — A2A3)

where symbol j; stands for the solute flux in the fluid
when the particles are absent and

(A/L) .
4 = J 28 ) Drmegere) ) dz*,
0

(A/€) .
‘ D () /[ Desger(z)} dz¥,

Ay =
JO

(A/0) ¢
Ay = J 28 () [reger(z*) } dz,
0

(A/0)
Ay = J D& (z*)/[Derger(z) } dz*,
0

where
8ef = (/leipD:p - /ijD:;p)/(;beDef)a = Z/e

and ¢ =2R for the disk-like particles and ¢ = L for
the rod-like particles.

Calculations of the dimensionless solute flux follow
essentially the same procedure as in the case of pure
mass diffusion. Nevertheless, this time {j}/j depends
not only on the structural parameters (v and ¢), shape
of the particles, and geometrical parameter (A/(2R)),
but also on five dimensionless ratios of particle/fluid
properties, i.e., oTT, OTc, OcT» Occ, M and on two dimen-
sionless parameters characterizing the role of the
coupled phenomena, i.e., kt and k.. Results of calcu-
lations for parameter values that give the highest effec-
tiveness of the barrier as far as control of the solute
flow is concerned are presented in Figs. 5-10.

The main factor affecting the solute flux is the class
of shapes of the particles. Two classes of shapes, i.c.,
the disk-like and the rod-like particles, were studied.
Results displayed in Figs. 5-10 show that the former
class is significantly more effective.
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The diffusion-thermo effect (Dufour) coefficient A,
and the thermo-diffusion effect (Soret) coefficient Dr
may be either positive or negative and are usually
much smaller than the thermal conductivity At and the
solute diffusivity D. [19]. The Onsager reciprocal re-
lations of thermodynamics of irreversible processes
give information as to the interrelation of the two
coupled (cross) effects, the Defour and the Soret.
According to these relations the thermodynamic coef-
ficients of the diffusion-thermo and the thermo-diffu-
sion are equal to each other. The corresponding exper-
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Fig. 5. Variation of the barrier effectiveness jmax/jmin as a
function of the particle/fluid diffusivity ratio D¢s/Des = 0
and solubility m for orr=10% kr =K. =10"3, 7=0.3,
&(e*) = 100: (a) in the case of disk-like particles A/(2R) = 10;
(b) in the case of rod-like particles A/L = 10.

imental transport coefficients in general are not the
phenomenological, thermodynamic coefficients and the
experimental cross coefficients do not necessarily have
to obey the Onsager relations [22]. Nevertheless, the re-
lation ApD. — A.Dt > ¢ is valid.

Thermal conductivity Ars of the solid particles may
be smaller or greater than thermal conductivity Ay of
the fluid. The Dufour A, and the Soret Dy coefficients
in the solid particles are, however, much smaller than
the corresponding coefficients Ats and D¢ in the carrier
fluid. Also the solute diffusivity D, is smaller in the
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Fig. 6. Variation of the barrier effectiveness jmax/jmin as a
function of the particle/fluid diffusivity ratio D.s/Det = e
and the particle/fluid thermal conductivity ratio orr = Ars/Are
for m = 1, kr =x. = 1073, #=10.3, &(e*) = 100: (a) in the
case of disk-like particles A/(2R) = 10; (b) in the case of rod-
like particles A/L = 10.
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particles than the solute diffusivity D¢ in the fluid
while the inverse relation holds for the solubility of the
solute in the particles and in the fluid. Thus, in the cal-
culations we have assumed that or. and o.r are both
equal to zero.

We have found that, in the case considered here, the
influence of the dimensionless Dufour xr and Soret k.
coefficients of the fluid on the barrier effectiveness
Jmax/Jmin 18 practically negligible. The barrier effective-
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Fig. 7. Variation of the barrier effectiveness jmax//min as a
function of nondimensional thickness of the barrier and solu-
bility m for orr = 103, 6o =0, xr = k. = 1073, &(e*) = 100,
v=10.3: (a) in the case of disk-like particles (nondimensional
thickness is defined as A/2R); (b) in the case of rod-like par-
ticles (nondimensional thickness is defined as A/L).

ness is, however, very sensitive to variation in the par-
ticle/fluid diffusivity o, thermal conductivity opr and
the solute solubility m ratios. It decreases with an
increase of o.. and orr (Fig. 5). The barrier is most
effective for o, = Dcs/Df =0. An increase in the
solute solubility also causes an increase in jyax/jmin DUt
does not exceed the corresponding values for o, =0
(Fig. 6).

For the rod-like particles and certain values of par-
ameters 0., oy and m, the effectiveness of the barrier
attains values smaller than unity (Fig. 5b and 6b). This
result suggests that for jp.x//min < 1, it iS necessary to
rotate axes of the rod-like particles from being perpen-
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Fig. 8. Variation of the barrier effectiveness jmax/jmin as a
function of the particle volume fraction and solubility m for
o1 =10%, 0 =0, xr =K. = 1073, &(e*) =100: (a) in the
case of disk-like particles A/(2R) = 10; (b) in the case of rod-
like particles A/L = 10.
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Fig. 9. Variation of the barrier effectiveness jmax/jmin aS a
function of the particle aspect ratio ¢(¢*) and solubility m for
orr = 103, 6. =0, kr =K. = 1073, = 0.3: (a) in the case of
disk-like particles A/(2R) = 10; (b) in the case of rod-like par-
ticles A/L = 10.

dicular to being parallel to the barrier faces in order to
increase the solute flux.

The ratio of the barrier thickness A to the main par-
ticle dimension (2R for the disk-like particles and L for
the rod-like particles), although not significant in ab-
solute terms, has a greater influence on the barrier
effectiveness than in the pure diffusive case (Fig. 7). An
increase in the solute solubility m leads to an increase
in jmax /jmin .

The mean volume fraction v of the particles is a sig-
nificant factor in controlling solute flow (Fig. 8). The
greater the value of the mean volume fraction v of the
particles, the broader the range of control of the solute
flow. An increase in solubility m of the solute leads to

an increase in the barrier effectiveness. This effect is
greater for the rod-like particles than for the disk-like
particles.

Particle aspect ratio appears to be one of the most
important factors in controlling the solute flow (Fig. 9).
An increase of ¢ in the case of the disk-like particles
(¢* in the case of the rod-like particles) leads to a
broadening of the range in which the solute flux may
be controlled by the particle rotation. An increase in
the solute solubility again affects the barrier effective-

1.8 —

J/maxJmin-

1 10 100 - 1000
@

1.30 —

. PO
Jmax/Jmin -

1.20 —

1.10 —

¢~ 1000
(b)

Fig. 10. Variation of the barrier effectiveness jmax/jmin as @
function of the particle aspect ratio &(¢*) and solubility m for
orr =10°, 6. =0, kr =k, =10"3 and ¥ limited by the
requirement that the particles have enough free space to per-
mit their rotation (the relation between v and &(¢*) is similar
to the one utilized in Fig. 4b): (a) in the case of disk-like par-
ticles A/(2R) =10; (b) in the case of rod-like particles
A/L = 10.
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ness more for the rod-like particles than for the disk-
like particles.

For higher volume fraction of the particles, the
requirement of availability of sufficient space to permit
rotation of the particles leads to limitations on the
maximum permissible volume fraction v. For the disk-
like particles, this limit is identical with the one given
in the previous section, while for the rod-like particles
it can be written as Vi, <2/(3¢*). If these limitations
are taken into account, the barrier effectiveness is sig-
nificantly reduced (Fig. 10).

6. Conclusions

The effective medium theory has been derived for
the coupled phenomena of heat conduction and mass
diffusion of the solute in a heterogencous medium
made of two constituents. Ideal thermal contact and
diffusive conditions at the interfaces of the constituents
were assumed but different solubilities of the solute in
each constituent was permitted. It has been found that
the relations between the macroscopic heat and solute
fluxes and the macroscopic temperature and concen-
tration in the medium were generally nonlocal and
that they reduce to the local form only for slowly vary-
ing macroscopic temperature and concentration fields.
In this particular case, the relations assume the forms
that are identical to those valid inside each constituent.
The effective material functions, which appear in the
macroscopic relations between the heat and mass fluxes
and the temperature and concentration gradients, are
dependent on the bulk dimension of the medium. Only
at a certain distance away from the boundary, with
this distance being of the order of the greatest microdi-
mension, they may be treated as the effective properties
of the heterogeneous medium. These effective proper-
ties depend on the details of the microstructure of the
heterogeneous medium and on the all thermal and dif-
fusive properties of the constituents.

The theory has been applied to the problem of con-
trol of solute flow using a smart barrier. The barrier is
made of suspension of spheroidal particles randomly
distributed in a carrier fluid resulting in variation of its
thermal and diffusive properties. A change of the effec-
tive material properties is achieved by externally
induced change in the orientation of the particles. The
analysis has been limited to the cases of solute flux
being driven by: (i) concentration difference with
coupled phenomena neglected, and (ii) temperature
difference. Results of the analysis indicate that the bar-
rier may be effective in controlling the mass flow of the
diffusing species provided that a proper combination
of the particles (with proper shape, size and properties)
and carrier fluid are chosen. Two classes of particle
shapes were studied, i.e., rod-like particles and disk-

like particles. The results show that the latter one pro-
vides a much wider range of control of the solute flux,
i.e., higher barrier effectiveness, for both cases of the
concentration difference and temperature difference
driven flows. The barrier effectiveness also increases
for higher volume fraction of the particles, higher
aspect ratio of the particles and smaller thickness of
the barrier (as compared to the major particle dimen-
sion). Greater value of solubility of the solute in the
fluid than in the solid particles, smaller ratios of par-
ticle/fluid diffusivity and particle/fluid thermal conduc-
tivity also contribute to an increase of the effectiveness
of the barrier.
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Appendix A

For equilibrium distribution of concentration in the
heterogeneous medium, i.e., for

T ={T} = const, {c} = const. (A1)

the distribution of the concentration of the diffusing
species can be expressed as

c(x) = Peg(x){c}. (A2)

When Eq. (A2) is substituted into Eq. (15), the latter
equation reduces to

M(x, Q)Peq(x, Q) = {M(x)Peq(x) } = const. (A3)

Noting, from Eq. (A2), that the following relation
holds

[Peg@)} =1,
the equilibrium distribution function can be written as

m

1
m(l —v) + V]O(x)—l— [m(1 —v) + v][

1—0(x)].
(A4)

Pey(x) = [

When the equilibrium conditions in the medium are
not met, the concentration can be expressed as

c(x) = Peg(x){c} + ¢'(x) (A5)

where the last term stands for the fluctuation of the
concentration. Substituting the above expression into
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the left-hand side of Eq. (15), simplifying the result
using the following property

{Mc'} < {c}

and carrying out the ensemble averaging of the result-
ing equation, one obtains the following relation

{Mc} = MPy{c}.

(A6)
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